[Terry Lee]

Multiple Choice

1B) %sinl 2x+C

X2 y? 3x
2C) ——=—=1, . asymptotesy=+—
)4 5 ymptotesy =+
3Dya=to 1.2 51
X x> xX° X
X3 4+5x% —2x+1=0
4C)y= 1
VX2 -4

5A) Area = z(y +1)%,

4 4
Vv =7rJ. (y+1)2dx=7rJ- (e +1)%dx
0 0

1
6A)i= cis(£+ 2kﬂj,.'. i° = cis(1+k—”j.
2 12 3
(A) iswhenk =2
7 D) arg(z) =arg(z +1—i) < arg +1;' =0
Z —_
8 B) The concavity of F(x) changes when its 2nd
derivative, which is f'(x), changes signs.
9 B) Let p=ix,q=iy, where x and y are real,
(ap —bq)? = (iax — iby)* = —(ax —by)* <0
(ab-pg) =(ab+mn)>>0

10 C) f'(x) =cos x =0 when x=%+ kr
g'(x) =sinx + xcosx =0 when tan x =—x
.. The line y = —x meets the asymptotes x = % +kz

atb, where |b|>|a|

HSC Ext 2 2018 Solutions
Question 11

@) (i) 2w = (2 +3i)(1—i) =5 +i
()Z-2=2-3i——2 —2_3i—(1+i)=1-4i
w 1-i
(b)p'(4)=0=>48+8a=0,.a=-6
P(4)=0=64+16a+b=0, b =232
p(r)=0=r’-6r’+32=0,-.r=-2
X —x—6 2 -X
= +
(x+)(x*-3) x+1 x*-3

J( 2 +—X jdx:ZIn(x+l)—%ln(x2—3)+C

©)

x+1 x*-3
(d) (i) w=iu=-2+5i
(i)v=u+w=3+7i

w7z
iii) arg— =~
(i) 9 =7

(€) d* =r? +r? —2r® cos ZAOC =2r? (1-cos(2D))
=2r*x2sin*D,..d =2rsinD
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Question 12
(a) Area =%x2 xsin =§x2

V3 [ V3 [t 2
Volume =—| x’d =—j 1-y*)d
olume =~ Jllx V== 0( Y) y

\/§ 1
(Y
:£|:y_2_y3+y_5:|1:ﬂ ite3

0

units
2 3 5 15
(b) (i) 2x+y+xy'+2yy'=0
y'(x+2y) = —(2x+Y)
2X+y
X+2y
(i) y'=0 wheny = -2x

y'=-

Suby=-2x gives x> —2x* +4x* =3, 3x* =3, x=+1
The points are (1,-2) and (-1,2)

X° + 2X 5
().[x +2X+5 _J‘(l_(x+1)2+4JdX

= x—Etan’1 X+l+C
2 2
(d) A 1 K
1 !
_________________ eooeoo T
11 ]
A
| K

v

[XY

B e e TR

v

[

\
P g

Question 13
@V = 27['[1(1— X)(2y)dx = 4n'|'1(1— X)*/xdx

- 47;‘[1(& —2xIx + xzﬁ)dx

2xJx  4x3Ix 2x3x i
=4r - +
3 5 7 .

64r
=—— units®
105

(b) (i) z =1-c0s 20 +isin 20 = 2sin® O +i2sin O cos O
=2sin6(sin +icoso)
=i2sin0(cos@ —isino)
~|z]=2sin0
(ii) arg(z) = arg(i) +arg(cos@ —isin )

=arg(i) +arg cos@+isin@

=arg(i) —arg(cosd +isin9) :%—9
(c) Resolving the forces
vertically, N +T cos6 =mg
horizontally, T sin@ = m/sin6w?®,.. T = M/ w®
N +m/ cosfw* = mg

N >0,..mg > m/cosfw’,.. w° < g
£cos6
(d) (i) x+ pay =c(p+q)
CZ
+ fq =c(p+0)
x? —c(p+Qq)x+c’pq=0
Midpoint of PQ has x-coordinate x = 2_206 = @
But x; =0, x; =c(p+q),.. the midpoint of RS has

x-coordinate x = w

, too.

As P,Q,R,S are collinear and PQ and RS have the
same midpoint, PS = RQ.

(ii) Re-arranging y = tx — at” as x —% y =at

-~ from (i), x, =Z—2"‘=%t )
at> _, at?
=L _ar=-2 2
M= > (2)
From (1) t:g
a
__a s 2
2 a’ a
2x* = —ay
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Question 14

2dt

(@) Lett = tang,dt :£(1+tan2€jd0,:. do=—
2 2 2 1+t

When 6 =0,t =0; when ng,t:l

j"é do [ 1 2t
0 2—C0s0 02_1—t2 1+1?

1+t?
L 2dt 2 i
= = =] Ztani(+3t
01+3t* |:\/§ ( )i|o
_2 7 2%
J3 3 9

(b)a:\gj—vzg—kvz
y

J‘V vdv _J‘“dy
og—kV2 0

1 1 g-kv
h=|-——In(g-kv’)| ==—In
[ 2 (9 ):|o 2k g

2

kv? = g (1_e—2kh)

V=, /%(1—e’2"h)

(c) (i) Letu = x",du = nx""dx

2(x+3)x+3
3

Letdv=+/x+3,v=

3

0
n / 0
I, :{—ZX (x+3) X+3} ——anj X" (X +3)v/x + 3dx
3
-3

0 0
=—% x”\/x+3dx—2nJ‘ X" X + 3dx
-3 -3
2n

:—?In—anm1

S @+2n)l, =-61_,

., _ —6n

" 342n ™t

.. -12 -6
(”)IZZTII’Il:?IO

l :J.o \/x+3dx:[§(x+3)\/x+3} =23

12 -6 1443
= e T o3 =2
e 3 35

R

(d) (i) Pr(A wins) = %

(ii) Pr(A and B win at least 1 game each, but C never
wins) = Pr (A or B win all, less A wins all, less B wins

a4

(iii) Pr(either A or B or C never wins) = Pr(A and B win,
C never wins+ A and C win, B never wins+ B and C
win, A never wins+ A wins all + B wins all + C wins all)

(514 )

Pr(each player wins at least 1 game) =1— Pr(either

Aor B or C never wins) :1—3{@) —[%j }

" 1 3o
:1_F+F =
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Question 15

(@) (i) Q(acos[%JrQJ,bsin (%Jrejj =(-asin6@,bcosf)

(i) Q'(asin6,-bcoso)

= bsino :Et N6, My, = —b(?ose ——Ecote
acosfd a asin@ a
9(tan9+cot0) ab
tan Z/POQ’ =2 = = (tan @ +cot 0)
-3
a

ForOs@s%, both tan@ and cotd >0,.. tan 9 +cotd
. 1 .
>2 (sincex+=>2ifx>0)
X
,_ 2ab , , 2ab
- tan ZPOQ Zm or ZPOQ > tan 1m
(b) (i) (cosO +isin 9)8 =c0s86 +isin8h
8 (8 7 nci 8 6 Ncin2
=C0s° 0 +1i 1 cos’ 9sin@ — 5 cos’ @sin“ 0
(8 5 N eind 8 4 Neind (8 3 N eind
- cos’ @sin® 6 + cos” @sin” 9 +1i cos’@sin’ @
3 4 5
8 2 neinb (8 in7? in8
— 6 cos“@sin° 0 —i 7 cos@sin’ 0 +sin° 0

. 8 7. 8 5 . 3
..sin80 = 1 cos’ 8sinf — 3 cos’ @sin® 6

8 3 H.) 8 Hg
+ c cos® @sin’ 6 — . cos@sin’

Y e i O i
) c's—| [c°s°+ c’s’ — cs
(ii) sin80 1 3 5 7

sin20 2sC
c=c0s6,s=sin@

_s!n80:£ 8 c® - 8 c's? + 8 c’s’ — 8 s®
sin260  2(\1 3 5 7

= %[806 —56¢*s? +56¢2s" —856}

, Where

=4[ (1-5")’ = 7(L-5")’s’ +7(1-5")s" = s° |
= 4[1—352 +3s% —s® —7s? +14s* —7s® +7s* —7s° —se}
= 4[1—1032 +24s* —1656]

©) () X" —1= (x=1)(1+x+X* +...+x"?)

X" =1-n(x-1) = (x—1)(1+x+ X2 4+ X"t —n)
(i) x>, x=1>0,1+ X+ X" +..+x" ' >n,
(x—l)(l+ X+ X2 4.+ X"t —n) >0
IFO<x<Lx-1<0,1+Xx+Xx*+..+Xx" " <n,
(x—l)(l+ X+ X2+ X"t —n) >0

s x"=1-n(x-1) =0

S X" =1+n(x-1)

(iii)) From (i), (%) >14 n(%—lj

a"ht" :[EJ xb>b+n(a-b)=na+b(d-n)

Page 4



[Terry Lee] HSC Ext 2 2018 Solutions

Question 16 (iii) If 2797 +4p® <0 then (a - B)* (a—7)" (B-7) >0,
(@ Letn=1, LHS=x*-1

If p(x) has repeated roots then (a - 8)’ (a—7)’ (B -7)°
RHS = (x—1)(x2 + x+l) =x*-1=RHS, .. true.

=0,.. the 3 roots must be distinct.
Assume x* —1=(x-1)(x* + X+1).'.(X2x3"’1 3 +1) If p(x) has complex roots then the 2 complex roots must
be conjugates, since all coefficients are real.

31 (y_ 2 23" 3
RTP X" ~1= (x~1)(x +x+1)...(x +x +1) Let = a+ib and f =@ = a-ib

LHS =x** ~1=(x" ) -1 (a-B) =(a-a) = (2ib)* =—4b’

_ (Xs” —l)(szsn S +1) RN —ﬁ)2 (a —j/)2 (B —7/)2 <0.
. Y% Y )2

(X X+1)'”(XMH s +1)(XM" e +1) A (a=B) (a=y) (B-y) >0, the 3 roots must be real
and distinct.

=RHS.
Hence, it is true for all n > 1 by the principle of Induction.

(b) (i) AB || IH and %:\/5,.-. AABC ||| AIHC, .~.%:J§

Similarly, AABC ||| AGBF, .~.% =2

.. HC =BF

~.BH=FC

.. DY =ZE, since DYHB and ZECF are parallelograms,
as opposite sides are parallel.

(i) BH = BC — HC = BC — DE =~/2DE - DE

:DE(JE—l)
YZ DE-2BH DE—2DE(\/§—1)_E(3_2ﬁ)
BC BC BC C
3-242 32
= -N2 o
J2 2
© @) (B-7) =(B+r) 4By
2 o
= _— —4_
(Za-a) "
:a2+4—q, since Y a=0,ITa=—q
(04
3
(i) Letx= g2 + 24 _ @ *44 _—pa—d+4q__ 39
(04 (04 [04
_ 30
X+p

3
L g(x) = (S_q] + p(s—q]+ g =0 is the equation with
X+p X+p

roots (o —ﬁ)2 (a —)/)2 and (B —7/)2-

q(x) =279’ +3pa(x+ p)* +a(x + p)’

= q(27q2 +3p(x+ p)* +(x+ p)3)

~(a —ﬁ)2 (a— y)z (B —7/)2 is the product of roots of the
above equation, which is —(27q2 +3px p’+ p3)
:—(27q2 +4p3)
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